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Abstract 

In this paper, we investigate how a uniformly accelerated detec- 
qj _ tor responds to vacuum state of a Dirac field in the K-Minkowski 

space-time. Starting from K-deformed Dirac theory, which is invariant 
under K-Poincare algebra, we derive K-deformed Wightmann function 
for Dirac field, which is valid up to first order in the deformation 
parameter a. Using this, we calculate the response function of the 
uniformally accelerated detector, which is coupled to massless Dirac 
field in K-spacetime. From this, we obtain the modification to Unruh 
effect for the K-deformed Dirac field, valid up to first order in the 
deformation parameter. 

1 Introduction 

The non- commutative spacetime was first introduced way back in 1947 
by Snyder pQ in an attempt to harness the UV divergences in the quan- 
tum field theories, as suggested by Heisenberg. This idea was resurrected 
in the last decade due to various developments in non-commutative geome- 
try, string theory and quantum gravity. Combining the well known notions 
of quantum mechanics and general relativity, it was argued that the struc- 
ture of the spacetime would be drastically different at extremely short dis- 
tances of the order of Planck length[2j. Further, it was pointed out that 
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the non- commutative geometry provides a possible paradigm to model the 
microstructure of the spacetime. It was also shown that the usual notions 
of symmetry and symmetry algebra would be replaced by a Hopf algebra, 
when the underlying spacetime becomes non- commutative one [3]. The con- 
struction of gravity theory on non-commutative spacetime, using the Hopf 
algebra approach, was studied in [I] and many authors have addressed non- 
commutative gravity and related issues using different approaches [51 EJ [7J |S]. 

In recent times, one example of a Lie algebraic type non- commutative 
spacetime that has attracted wide attention is the K-deformed spacetime[9]. 
This spacetime is defined by the coordinates obeying the commutation rela- 
tions 



Different field theory models on the K-spacetime have been constructed 
and studied in last couple of years P H21 HH H21 H31 [IH HSl US]- In H3 
[TBI (13 ED], the effect of the ^-deformation in the low energy limits were 
investigated in different scenarios. Since the K-spacetime and K-Poincare 
algebra are known to be related to the doubly special relativity as well as to 
some models of quantum gravityj21], it is of interest to see how K-deformation 
will affect the motion of particles. The geodesic equation in K-spacetime was 
obtained and analysed in [22] . It is also of interest to see how the uniformally 
accelerated observer will respond to K-deformation of the spacetime. This 
question was taken up in [231 Elj , where Unruh effect [25| l26| 127] l28| 129] in the 
/•c-spacetime was studied by analysing the response of the detector coupled to 
K-deformed scalar field. Unruh effect is the fact that a uniformly accelerating 
detector, coupled to a quantised field which is in its vacuum, will be excited 
to a temperature T = (27r£;£) _1 a, where a is the uniform acceleration of 
the detector. This is due to that fact that the vacuum of the field theory in 
the Minkowski spacetime is invariant only under a transformation from one 
inertial frame to another and not under the transformation from a frame to 
another which is accelerating [27]. Since in the /t-spacetime, the symmetry 
algebra is modified from the Poincare algebra, it will be of interest to see 
whether the Dewitt-Unruh detector will still observe as a bath of black body 
radiation as in the commutative spacetime or not. 

In [21], modification to Unruh effect due to ^-deformation was analysed 
for the case of a detector coupled to K-deformed scalar field. This K-deformed 
Klein-Gordon theory was constructed [T3], Q3] in the commutative spacetime 
itself and hence the well established calculational tools for field theory could 
be used in studying the Unruh effect in K-spacetime. This /t-deformed Klein- 
Gordon theory was constructed as a theory that is invariant under a particu- 
lar realisation [13] of the K-Poincare algebra, which is the symmetry algebra 
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of the K-deformed Minkowski spacetime. Using this approach, K-deformed 
Dirac equation was derived and analysed in [T9] . In this paper, we start with 
this K-deformed Dirac field interacting with a detector which is uniformly 
accelerating and study the response of this detector, thereby obtaining the 
modification to Unruh effect due to K-deformation. Unruh effect for the 
Dirac field was extensively studied in the commutative spacetime, with dif- 
ferent motivations [2"%| [25]. 

This paper is organised as follows. In the next section, we give a brief 
summary of the K-deformed Dirac equation obtained in [19]. In section 3, 
we derived the propagator corresponding to this K-deformed Dirac equation, 
valid up to the first order in the deformation parameter, a. Using this, 
we then introduce the Wightman function in the comoving frame of the 
uniformly accelerating detector. In section 4, using this Dirac propagator, 
we analyse how the uniformly accelerating detector perceive the vacuum of 
the Dirac field in the K-deformed spacetime. We conclude in section 5. 



2 ft- Deformed Dirac Equation 

In this section, we summarise the construction of the K-deformed Dirac 
equation [T9J which will be used in later section. This K-deformed Dirac equa- 
tion is written in terms of the operators defined in the commutative spacetime 
itself. This allows us to use the tools of quantum field theory in the com- 
mutative space time to analyse the effect of K-deformation. This K-deformed 
Dirac equation is constructed to be invariant under a particular realisation 
of the K-Poincare algebra [T3]. In this realisation, the defining relations of 
the K-Poincare algebra is exactly same as that of the usual Poincare algebra, 
but the explicit form of the generators are modified. This modifications are 
dependent on the deformation parameter a and in the commutative limit, 
these generators smoothly reduces to that of the Poincare algebra. Apart 
from this modification of the generators, n Poincare algebra differs from the 
usual Poincare algebra by the fact that it is a Hopf algebra. 

In the approach taken in [13j, the K-spacetime coordinates are defined 
as perturbative expansion in the deformation parameter a and obtained in 
terms of the coordinates of the commutative spacetime and their derivatives 
as, 

x li = x a $ ail (.d). (2) 
In particular we demand the realisation of the coordinates as 

Xi = Xiip(A). (3) 
xq = x ip(A) + iaXidi'j(A), (4) 
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where A = —iad$. Demanding that these realisations should satisfy the 
commutation relations in Eqn.([T]) leads to the condition 



-^ = 7-1, (5) 

<P 



where we have used <p' — Imposing boundary conditions, we find that 
99(0) = 1, t^(0) = 1 and 7(0) = ^'(0) + 1, and these functions are finite and 
positive. 

The generators of the K-Poincare algebra, and are given in terms 
of the above realisations of the coordinates of the ^-deformed spacetime as 

„ e~ A sinhA 2 e~ A 

Di = di , D = d — -. May -r-z. (6) 

if A 2(p z 

and 

Mij = Xidj - xjdi (7) 

e 2A - 1 _ _ 7 

M 0i = Xid Lp — — x di((p) 1 + iaxid k d k (2(p) 1 - iax k d k di-. (8) 

2A if 

These generators satisfy 

[Mfj, u , D\] = - TjfixDv, [Dp, D u ] = 0, (9) 

[M^, M\ p ] = ri w M vX + T]uxM w - rj^M^ - rj^M„ p , (10) 

where we have used rj^ = diag(-l, 1,1,1). The (Dirac) derivatives defined 
above, transform as vectors (contrary to the usual derivative operators in the 
^-Minkowski spacetime). It is easy to see that the Casimir of the K-Poincare 
algebra is D^D^ which can be expressed as 

D,D» = 0(1-^0). (11) 
Here the □ operator is given explicitly as 

□ = v < + H*<i^!> , (12) 

ip z A z 

where y 2 = an d A = —iad^. Note that <9j and do are the derivatives 
corresponding to the commutative space and time coordinates and these do 
not transform as vectors under K-Poincare algebra while the _D M transform 
as a vector. It is clear that the Casimir, D^D^ reduce to the usual rela- 
tivists dispersion relation in limit a — > 0. <p appearing in above equation, 
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characterizes arbitrary realization of the K-spacetime coordinates in terms 
of commutative coordinates and their derivatives. K-deformed Klein-Gordon 
equation is written in terms of the above Casimir of the K-Poincare algebra 

as 

a 2 

□ (1 - — n)$(x) - m 2 $(x) = 0. (13) 

Note that the scalar field and the operators appearing in the above n- 
deformed Klein-Gordon equation are defined in the commutative spacetime. 
In the momentum space above Eqn. (fT3"j) becomes 

^ • u2/- a P0\ 2 e ^ a 2 A . u 2/ a P0\ 2 e ^ 12 2 /i a\ 

— sinh{—)-p i — - - —[—sink (—) - p { — =m. (14) 

In terms of Dirac derivatives, K-Dirac equation is obtained in [19] as 

{ij°D + ifDi + m)* = 0. (15) 

Note that the 7 matrices appearing above do not get any k dependent correc- 
tions and all the k dependence of the above Dirac equation appear through 
the Dirac derivatives alone. It is easy to see that the square of above equation 
gives the K-deformed Klein-Gordon equation given in Eqn. (IT5|) . It was shown 
that this K-deformed Dirac equation breaks the charge conjugation invariance 
whereas both parity and time reversal continue to be symmetries of Eqn.( TT5|) . 
The modification of the Hydrogen atom spectrum was also analysed using 
the above Dirac equation in [T9"] . 

In this paper, we study the modification to Unruh effect in the case of 
/c-deformed Dirac field. For this, we investigate the response of a uniformly 
accelerating detector coupled to the K-deformed Dirac fermions. The mod- 
ification to Unruh effect is obtained here is valid up to first order in the 
deformation parameter a. With this in mind, we start with the /c-Dirac 
equation valid up to first order in a. For massless fermions, with the choice 
(p = e~~i, we get the K-Dirac equation valid up to first order in the deforma- 
tion parameter a as 

(i-f% ~ ^f%di + ^-d d^ = (16) 

It is easy to see that in the limit a — > 0, the above equation reduces to the 
correct commutative Dirac equation. 
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3 ^-Deformed Dirac Propagator 



In this section we obtain the K-deformed Wightman function correspond- 
ing to the K-deformed Dirac equation. This K-deformed Dirac equation in 
Eqn. fll5l) written in the commutative Minkowski spacetime. 

The K-deformed Wightman function for Dirac field, S + (x — x') defined 
in terms of G + (x — x'), the K-deformed Wightman function corresponding 
to the K-deformed Klein Gordon theory which has been derived in [21]. The 
Wightman function for a K-deformed Dirac equation define as 

GryO 



irfdp - + ^dod, ) G + (x - x'), 



(17) 



where the K-deformed Klein-Gordon propagator given by 

1 1 



G + (x 



x 



(2tt) 2 (\x-x> I 2 -it-t') 2 ) 

a 2 j\x-x' | 2 +3{t-t') 2 ) 
4(2tt) 2 (\x-x> I 2 -{t-t') 2 ) 3 



(\x 



J 1 2 



+ (t ~ t'f)it - t>) 



t\2 



(2*) s 



x — X 



' 12 



-{t~t') 2 Y 



which is valid up to a 2 [21]. Using this, the K-deformed Dirac propagator, 



S + (x 



x 



valid up to first order in a is obtained as 



S + (x — x) 



+ 
+ 



2tt 2 
a 7 ° 



7 



(t - t>) 



[(* " f ) 



^2 



4tt 2 [[(t-t') 2 -\x-x 
(t - t')(x - x') 



x — x'\ 2 ] 2 

+ 



-1 



[x — X 



i(t - 1') 2 - 

4(x - x') 2 



'1212 



'1212 



[(t - t') 2 - \x - X 



'1213 



cry 



7T 



[{t-t') 2 -\x 



r'|213 



(19) 



It is easy to see in the limit a — > 0, S + (x — x') reduces to the correct com- 
mutative result. 



4 Detector Response Function 

In this section, we analyse the the response of a uniformly accelerating 
detector coupled to the K-deformed Dirac fermion. The coupling of detector 
to the fermions described by the K-deformed Dirac field given in Eqn. ffToT) . is 
given by the interaction Hamiltonian 

H mt = m(T)^(T)^(r), (20) 
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where m(r) is the monopole moment operator of the detector. Since for cal- 
culating the Unruh effect, we need to couple the detector with Dirac fermions 
which are in the instantaneously comoving frame (of the detector), we need 
to apply a boost transformation to the spinor fields. Thus the ^(t) and 
\I/(t) appearing in the interaction Hamiltonian above are the Fermi- Walker 
transported spinors. This field is defined as 

*(r) = S t V(x(t)), (21) 

where the generator of the boost is given as 

S T = e 2<WV = cosh(^-) + 7°7 1 sm/ i (^). (22) 

Note here that the boost generator is not modified by the ^-deformation as 
the 7 matrices appearing in the K-deformed Dirac equation in Eqns.f n5]fT6]) 
are same as that in the commutative spacetime. 

We consider that the Dirac field is in the Minkowski vacuum \0m >(as in 
the commutative case) and detector is in its ground state of energy E . For 
the general trajectory taken by the uniformly accelerating detector, it will 
not remain in its ground state Eq, but will make the transition to the excited 
state of energy E > Eq as the field makes a transition to an excited state 
\?p >■ As in the commutative case, we assume that the time evolution of the 
detector governed by its Hamiltonian H Q and it is given by 

m{r) = e iHoT m(0)e- iHoT . (23) 

Using the first order perturbation theory, we find the transition probability 
of the detector getting excited from its ground state to the excited state of 
energy E, to be 

P = J2\ < E\m(0)\E > \ 2 R(t,E - E ) } (24) 

E 

where the R(r, E) is the detector response function. This response function 
is given as 

R(t,E)= dr dr'e- iE{T - T,) <0m\^(t)^(t)^(t')^(t')\0 m > ■ (25) 
Jo Jo 

The right hand side of the above equation can be re-expressed as product of 
two-point functions as 

< m \1?(tMt)*(t')*(t')\0m >= Tr[(5 + (r,r')) 2 ]. (26) 
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In the above S + (t — r') is the Fermi- Walker transported Wightman function 
which is calculated in the comoving frame of the detector. This is related to 
the propagator S + (r — r') through a boost transformation as 



S + (t,t') = S t S + (t,t')S- 



(27) 



This Fermi- Walker transported propagator will be a function of r — r'. Sep- 
arating the a independent and a dependent parts of S + (r, r') as 



S + (T,T')=S+(T,T')+St(T,T'), 



(2f 



we find 



5 + (r,r') 



+ S+(t, r')St(r, t') + Sf(r, t')S+(t, t'), (29) 



where we have kept terms up to first order in a. 

Using the propagator given in Eqn. fll9p . we now calculate the Fermi- 
Walker transported Wightman function valid up to first order in a. For this, 
we first evaluate the propagator in Eqn. (fT9~]) in terms of the coordinates of 
the uniformly accelerating detector, i.e, in terms of the Rindler coordinates 
given by 

t = a^sinhar, x = a -1 coshar ; y = = z , (30) 

where r is the proper time of the detector and a is the constant acceleration 
of the detector. Using this, we find, explicitly, 



a 



0\2 



+ 



(16^ 2 ) 2 sm /i 6 (f ) 

iaa 7 (7°) 2 [2co 5 / i (^) - cosh(^)} 



2(16tt 2 



sm/i 7 (f ) 

where £ = r — r' and rj = t + r'. Using Eqn.f l3Tj) . we find 

4a 6 1 



(31) 



Tr 



~ (16tt 2 ) 2 sinh e (f) 

2iaa 7 [2cosh(^f) - coshj^f 

(16V) sinh 7 (^) 



(32) 



which is valid up to the first order in deformation parameter a. Using above 
in Eqns. fliZEl |2"5|) . we calculate the response function in the limit of large 
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proper time, i.e. in the limit r — > oo. Thus we get the detector response 
function as 



lim R(t, E) 



+ 



F(t,E) 

1 tE 
60vr3 e ^_ 1 

aa 3 1 



4« 4 + 5E 2 a 2 + E 4 ' 



-sinh(3ar) 



sinh(ar) 



104 2 

45 



4 £ 



20 £ 4 £ 
To* ~ 45 a 1 



47-2 4 E 
45 ^ga^^is^ 1 



+ 



aa 



(27T) 



( 



2cosh 



,3ar 



, c 0S /i 2 (— ))„4 



8 r 2/ 3aT N ^ 



(33) 



In the above E = E — E . We have also used to definitions 



A 



dk 

T 



a vie qi i | ii o; i3 I i_ym QUI 



8 I 2E 
15 I a 



+ 2k\ + 



l\2E 
6 I a 



+ 2k\ 3 + 



1 I 2g 
120 I a 



+ 2A;| f 



and 



B 



00 d£; 
T 



l\^ + 2k\ + \\^ + 2k 

1 1 D 1 OL 



(34) 



31 a 



1 I 2£ 



3 1 a 1 6 1 a [ 

& a 1 — 1 



(35) 



Using this F(r, E), the transition probability (in the large proper time limit) 
is obtained as 

< E\m(p)\E > \ 2 F(t,E). 



E 

Using Eqn. (l3"3l) . the rate of transition probability, 
T(t,E,o) = I < E\m(0)\E > 

E 



(36) 



2 dF(r,E) 



dr 



(37) 
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is obtained as 



T(r,E,a) 



I < E\m(0)\E > 



E 




+ 



+ 




where A and B are given in Eqns. flMl 135]) . respectively. Above equation 
shows the modification, valid up to the first order in a, to the Unruh effect 
due to the K-deformation of the spacetime. We note that the first term in 
Eqn. ([3"5j) is the same as in the commutative case and remaining terms depend 
on the ^-deformation of the spacetime. These terms vanish in the limit a — > 0, 
reproducing the correct commutative limit. The second term in Eqn. (l38p 
have the same Bose-Einstein distribution as in commutative case but has the 
overall multiplicative factor which depends on the deformation parameter 
a and the last two terms show the deviation of Bose-Einstein distribution 
due to K-deformation of spacetime. All the a dependent terms in Eqn.(J2B]) 
depends on the detector's proper time r. This shows that different detectors 
will detect the different transition rates. This is similar to the result obtained 
for the scalar theory in the K-spacetime in |24j . 

5 Conclusion 

In this paper, we have analysed the modification of Unruh effect for Dirac 
field in the k- Minkowski spacetime. We started with the K-deformed Dirac 
theory in Eqn. ffTo"]) which is invariant under the K-Poincare algebra. Using 
the propagator for the K-deformed scalar theory obtained in [23], we eval- 
uated the Wightman function for the K-deformed fermionic fields obeying 
Eqn. ffT5]) . We have then derived the modification to the Unruh effect due 
to the ^-deformation by introducing an interaction between the uniformly 
accelerating detector and the ft-deformed Dirac field in the comoving frame 
of the detector. This modification is calculated up to first order in the defor- 
mation parameter a. In the limit a — 0, Eqn. fl38|) correctly reduces to the 
commutative result. 
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In[2H], fermionic field satisfying a Dirac equation with random coefficients 
was coupled to the detector and it was shown that the correction to Unruh 
effect has a Dirac-Fermi factor. Here we note that the k- deformation do not 
introduce any such correction factors as seen from Eqn. (l38|) . One place where 
^-deformation may affect is the Fermi- Walker transport of the fermionic field 
as the boost generator would be modified by the noncommutativity. But 
as we have seen in Eqns. (ll5fl60 . the 7 matrices are not altered by the k- 
deformation and hence the generator in Eqn.f l22l) is independent of a. Here, 
as in the case of K-deformed scalar theory [21], here also we have taken the 
detector to be same that in the commutative spacetime. But it is natural 
to expect that the detector Hamiltonian to have a a dependent correction, 
and this can lead to corrections to the energy eigen values of H . This may 
lead to modification of the Bose-Einstein factor appearing in the transition 
probability. Studies of these issues are in progress and reported separately. 
Acknowledgment We thank A. K. Kapoor for usefull discussions and sug- 
gestions. 
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